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Abstract. We study the bounded derived category D i> (R-mod) of a left Noe- 
therian ring R. We give a version of the Generalized Auslander-Rcitcn Conjec- 
ture for D i, (iJ-mod) that is equivalent to the classical statement for the module 
category and is preserved under derived equivalence. 

1. Introduction 

In this paper we enter the realm of some homological conjectures that have 
motivated much research in ring theory. We begin by recalling these conjectures and 
giving a brief overview of their status. Throughout this note R is a left Noetherian 
ring and i?-mod denotes the category of finitely generated left i?-modulcs. 

Recall the statement of the Auslander-Reiten Conjecture [2]: 

Conjecture 1.1 (Auslander-Reiten Conjecture). If M is an R-module such that 
Ext^,(M, M) = = Ext^(M, R) for all i > 1, then M is projective. 

Counterexamples to this conjecture were provided by R. Schulz in the form of 
algebras over a skew field k: 

(1) k(X,Y) /(X 2 ,Y 2 ,XY -cYX) 

where c is a suitably chosen element of k (see Section 3 of [10]) . The question 
remains open, however, for finite-dimensional algebras over a field, artin algebras, 
and commutative rings. In fact, M. Auslander and I. Reiten showed that for artin 
algebras this conjecture is equivalent to the Generalized Nakayama Conjecture [2]. 
A natural generalization of the conjecture is the following: 

Conjecture 1.2 (Generalized Auslander-Reiten Conjecture). If M is an R-module 
such that Ext^(M, M) = = Ext^(M, R) for all ? > 0, then M has finite projective 
dimension. 

In [10], R. Schulz also provided a counterexample to this conjecture in the form 
of a finite-dimensional sclf-injective algebra over a field. In fact, this algebra is 
defined by the same relations as in (1) where k is taken to be a field and c is any 
element in k that is not a root of unity. The conjecture holds for several classes 
of rings, for example, for group algebras of finite groups (Lemma 5.2.3 in [4]), and 
complete intersections (Proposition 4.8 in [1]). The conjecture still remains open 
for some classes of rings, for example, for commutative rings. Note that if a ring 
satisfies Conjecture 1.2, then it also satisfies Conjecture 1.1. 

While the Generalized Auslander-Rcitcn Conjecture fails for artin algebras in 
general, it is known that if an artin algebra satisfies Conjecture 1.2, then it satisfies 
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the Gorenstein Symmetry Question [3, 6, 7] (the latter is a meaningful statement 
only for algebras of finite injectivc dimension). 

J. Wei has shown that for artin algebras both the Generalized and original 
Auslandcr-Rcitcn Conjectures are stable under a tilting equivalence [11, 12]. Since 
a tilting equivalence is a special case of a derived equivalence, the author then asks 
whether these conjectures are stable under any derived equivalence. We consider all 
Noctherian rings and answer J. Wei's question in the affirmative for the Generalized 
Auslander-Reiten Conjecture. That is, any two derived equivalent Noetherian rings 
satisfy Conjecture 1.2 simultaneously. 

The argument in [11] uses torsion theory which is well-understood in the setting 
of artin algebras. Our approach is to give a version of the Generalized Auslander- 
Reiten Conjecture for the bounded derived category of any Noetherian ring which 
we then show to be equivalent to the classical statement for the module category 
in Theorem 3.4. Next we show that the derived version of the conjecture passes 
through an equivalence of derived categories in Theorem 3.5. Finally, we conclude in 
Corollary 3.6 that any two derived equivalent Noetherian rings satisfy the classical 
Generalized Auslandcr-Rcitcn Conjecture simultaneously. 

2. Preliminaries 

In this section we recall definitions, set up notation, and collect some lemmata. 
Let T be a triangulated category with shift Z. A non-empty full subcategory S 
of T is triangulated if it satisfies the conditions: 

(i) If X is in S, then Y. Z X is in S for all i G Z. 

(ii) If two of the terms in {X, Y, Z} from the triangle 

X -> Y -> Z HX 
in T belong to S, then remaining term also belongs to S. 

A triangulated subcategory S is thick if, in addition, it is closed under direct 
summands. If C is a collection of objects in a triangulated category T, its thick 
closure, Thick(C), is the intersection of all thick subcategories of T containing all 
of the objects in C. 

Two objects M and N in T are eventually orthogonal, and we write M _L N, 
if Hoitit(M, Z l A) = for all \i\ 3> 0. Note that we do not require vanishing for 
every i G Z, as some authors do, when using this notation. For a subcategory C of 
a triangulated category T we set 

= {M G T |M 1 C for all C G C}, and 

C x = {N G T \C _L N for all C G C} 

If B is another subcategory we write B _L C if B C - L C, or equivalently, CC B 1 . In 
this case, we say that the subcategories B and C are eventually orthogonal. 
Our first observation is that the subcategories C and Q 1 - are thick. 

Lemma 2.1. For any subcategory C ofT, and C 1 - are thick subcategories ofT. 

Proof. We show that C 1 - is a thick subcategory, an analogous argument gives the 
other claim. It is immediate from the definition that C 1 - is closed under shifts. 
Suppose now that 

(2) X Y Z -> TX 
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is a triangle in T. The functor HomT(C, — ) applied to (2) gives a long exact sequence 
of abelian groups: 

(3) > Hom T (C, rX) -> Hom T (C, T l Y) 

-> Hom T (C, TZ) -> Hom T (C, Z i+1 X) -> • • • 

Therefore, if any two of the terms {X, Y, Z} in C -1 , then so is the third. This shows 
that C 1 " is a triangulated subcategory of T. 

Since the equality Hom T (C,X ® Y) = Rom T (C,X) © Hom T (C, Y) holds for all 
C,X,Y £ T, vanishing on the left side gives vanishing of both of the terms on the 
right. From this it follows that is closed under direct summands and therefore 
it is a thick subcategory of T. □ 

The following observation is used repeatedly in the sequel. It shows that eventual 
orthogonality is preserved by taking thick closures. 

Lemma 2.2. If B and C are subcategories ofT such that B _L C, then 

Thick(B) 1 Thick(C). 

Proof. Since B 1 C holds, we have a containment BC i C. By Lemma 2.1, X C is 
a thick subcategory of T. But Thick(B) is a subset of all thick subcategories of T 
that contain B whence Thick(B) C ^C, or equivalently, C C Thick(B) ± . Employing 
Lemma 2.1 again, gives that Thick(B)- L is also thick. The same argument now 
yields Thick(C) C Thick(B)- 1 -, i.e. Thick(B) _L Thick(C). □ 

In what follows we restrict our attention to a particular triangulated category. 
Namely, the bounded derived category D b (R) = D b (i?-mod) of finitely generated 
left i?-modules where R is a left Noetherian ring. We make a couple of observations 
about a certain thick subcategory of D b (R) that become useful to us later. The 
objects in the subcategory Thick(i?) of D b (R) are precisely the perfect complexes, 
that is the complexes isomorphic to finite complexes of finitely generated projec- 
tive modules (See Section 1.2 in [5]). Second, an equivalence of derived categories 
restricts to an equivalence of the corresponding subcategories of perfect complexes. 
The latter can be extracted from the work J. Rickard (See Theorem 6.4 and Propo- 
sitions 8.2 and 8.3 in [9]). We include a proof for completeness: 

Lemma 2.3. Let F : D b (R) —> D b (S) be an equivalence of triangulated categories. 
Then F restricts to an equivalence between the subcategories Thick(i?) and Thick(S'). 

Proof. We first show that Thick(i?) = ± D b (R). Since Hom Di(B) (R, Y. l M) = H^(M), 
we see that R _L M for all M £ D b (R). Lemma 2.2 now gives the containment 
Thick(_R) C ± D b (R). To see the opposite containment, consider i?-mod C D b (R) 
as the subcategory consisting of the stalk complexes of degree 0. Then we see 
that - L D b (R) C ^i?-mod. Now recall that Q is a perfect complex if and only if 
Hom D f,( fl )(Q, Y. l M) = for all i?-modulcs M and i > (see Lemma 1.2.1 of [•">], 
for example). This gives that x D b (R) C Thick(i?). 

Similarly, we have Thick(5) = ± D b (S). Now observe that M _L D b (R) if and 
only if F(M) _L D b (S"), so that F(Thick(i?)) = Thick(5) as desired. □ 



We close by recording a connection between extensions over R and morphisms 
in D b (R). 
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Remark 2.4. For any X, Y £ P-mod and every integer i, we have an isomorphism 
of abelian groups Ext l R (X, Y) = Hom D b( fi )(X, E l Y) (See Section 1.5 in [8], for 
example). Here we use the convention that Ext^(X, Y) = when i < 0. From this 
we see that the following conditions arc equivalent for an P-module M: 

(i) Ex4(M, M) = = Ext^(M, P) for aU \i\ > 0. 

(ii) In D fc (P), wc have M _L M and M 1 P. 

3. The Generalized AR Conjecture for D b (P-mod) 

This section contains our main results. In it we give the derived category version 
of the Generalized Auslander-Reiten Conjecture, show that it is equivalent to the 
classical conjecture for the module category, and prove that it is stable under a 
derived equivalence. 

Recall that D 6 (P) denotes the bounded derived category of finitely generated left 
P-modules where R is a left Noetherian ring. We now state the promised derived 
category version of Conjecture 1.2. 

Conjecture 3.1. If M E D b (R) is such that M 1 M and M _L R, then M belongs 
to Thick(P). 

In order to show that Conjecture 3.1 follows from Conjecture 1.2 we need to 
pass from the derived category to the module category. The following construction 
describes how we associate a module AM to a complex M. In the case when M 
is a module (viewed as a stalk complex in D b (P)), f2M is its first syzygy module. 
This observation motivates the construction. 

The infimum of a complex M, denoted inf M, is the lowest degree where ho- 
mology appears. Similarly, the supremum of a complex M, denoted sup M, is the 
highest degree where homology appears. 

Construction 3.2. Fix a complex M 6 D b (R) with inf M = and set n = sup M. 

Let P be a projective resolution of M, i.e., P is a complex of projective modules 
quasi-isomorphic to M, and consider the following truncations of P: 

P< n = -> P n -> ► P -> 

P>n+1 = >Pi~¥ ► Pn+2 -> Pn+1 -> 

which fit into a short exact sequence of complexes 

(4) -> P<„ P ->• P>„+i 

We observe that P<„ is a finite complex of projective modules, so that it is in 
Thick(P). Since H t (P) = H t (M) = for i > n, we sec that P> n+1 = H(P> n+1 ) = 
Z n+1 coker((9 Il+ 2) in D b (R). We set QM = coker(5„ +2 ) G P-mod. The short exact 
sequence (4) gives rise to a triangle: 

(5) Q -¥ M -> Z n+1 fiAf -> 

in D 6 (P) with Q e Thick(P). 

For a general complex M <E D b (P), with m = inf M, we set fJM = T m Q.{Yr m M) 
and obtain a triangle as in (5) above (in this case n = supM — inf M). 

The key step in showing that Conjectures 1.2 and 3.1 are equivalent is the fol- 
lowing observation. 
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Proposition 3.3. If M _L M and M _L R, then ClM _L OM and ClM _L R. 

Proof. In order to show ClM _L ClM, we first use the triangle (5) from Construc- 
tion 3.2 to obtain M ± ClM. We then use this to show that ClM _L ClM. 

Since R belongs to M , Lemma 2.2 gives that Thick(i?) is contained in M 1 - . In 
particular, we see that M 1 - contains Q. Now, in Lemma 2.1 we showed that M L 
is a triangulated subcategory of D b (R). Therefore, since the first two terms of the 
triangle in (5) are in M , so is its third term, Y. n+1 CIM. As M is closed under 
shifts, we obtain that ClM is in M , or cquivalently, that M is in ^CIM. 

Now recall that Thick(i?) ± = D b (R) whence Q _L ClM. This gives that Q belongs 
to ^CIM, and thus the first two terms of the triangle (5) are in ± CIM. It follows 
that all terms of the triangle (5) must belong to ClM. Since ClM is also closed 
under shifts, we have ClM _L ClM. 

Finally, since both M and Q are in ± R, the triangle (5) also gives that ClM is 
also in ± R ) i.e. ClM JL R. □ 

The next theorem shows that the derived category version of the Generalized 
Auslander-Reiten Conjecture is equivalent to the classical statement for the module 
category. What is somewhat surprising is that if the Generalized Auslander-Reiten 
Conjecture holds for the module category, then it extends to the entire derived 
category. 

Theorem 3.4. Conjecture 1.2 holds for i?-mod if and only if Conjecture 3.1 holds 
for D b (i?-mod). 

Proof. Assume that Conjecture 3.1 holds and M £ i?-mod satisfies the hypotheses 
Ext#(M, M) = = Ex4(A/,i?) for all |t| > 0. Then (ii) of Remark 2.4 holds and 
M belongs to Thick(i?) by Conjecture 3.1. But this means that pd(M) is finite. 

For the converse, assume that Conjecture 1.2 holds and M in D b (R) satisfies 
the hypotheses: M _L M and M _L R in the bounded derived category D b (R). 
Proposition 3.3 then gives that ClM _L ClM and ClM _L R also hold in D b (R). 
Next, Remark 2.4 together with Conjecture 1.2 gives that pd(OM) is finite so that 
ClM £ Thick(i?). Since Thick(i?) is a triangulated subcategory of D b (i?), and the 
first and third terms of the triangle (5) belong to Thick(i?), it follows that its middle 
term, M, also belongs to Thick(_R). □ 

We say that two rings R and S are derived equivalent if there exists an equiv- 
alence of triangulated categories between D b (i?-mod) and D b (S'-mod). In the next 
theorem, we show that Conjecture 3.1 is stable under a derived equivalence of 
Noctherian rings. 

Theorem 3.5. If R and S are derived equivalent and Conjecture 3.1 holds for R, 
then it also holds for S . 

Proof. Suppose that Conjecture 3.1 holds for R and let F : D h (S'-mod) — > D b (i?-mod) 
be an equivalence. Let N £ D b (S) satisfy N _L N and N _L S. By Lemma 2.2, we 
then have that N belongs to ± Thick(5). 

Since R £ Thick(i?), we have R = F(P) for some P £ Thick(S'), by Lemma 2.3. 
Then, for all |t| ^> we have 

(6) Hom D6(i?) (F(A0, T\F{N) © R)) = Rom Db(s) (N, Z l (N © P)) = 0. 
That is, F(N) _L F(N) and F(N) _L R. 
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Since Conjecture 3.1 holds for R and F(N) _L F(N) and F(N) 1 R, it follows 
that F(N) is in Thick(i?). Another application of Lemma 2.3 gives that N is in 
Thick(S), so that Conjecture 3.1 holds for S. □ 

We can now answer Wei's question regarding the stability of the Generalized AR 
Conjecture under any derived equivalence. Furthermore, we extend his result to all 
Noetherian rings. 

Corollary 3.6. The Generalized Auslander-Reiten Conjecture is stable under a 
derived equivalence of Noetherian rings. 

Proof. Theorem 3.4 shows that the Conjectures 1.2 are 3.1 equivalent. The corol- 
lary now follows from Theorem 3.5. □ 
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